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Modeling and Experimental Verification of a
Continuous Curvature-based Soft Growing
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Abstract—Soft robots show significant potential for use in
search and rescue, human-robot interaction, and other emerging
fields due to their ability to easily conform, deform, and interact
with their environment. However, precise control of these soft
robots is still being explored. In this paper, we investigate a
potential solution to address the limitations of precise control
for soft robots. We experimentally verify the accuracy of a
general analytical formulation of a continuous kinematic model
using a custom soft growing manipulator. Next, we provide an
experimental verification of its inverse kinematic model. With this
precise model, most soft continuum kinematic models, whether
tendon-driven or with a payload, can be represented. Our robot
fits the proposed generalized curvature function for n = 2, with
an average error relative to the robot’s overall length of 5.01%,
based on four robot lengths of 0.5 m, 0.8 m, 1.0 m, and 1.2 m.
The inverse kinematic model was verified using three positions,
resulting in errors of 2.91%, 7.91%, and 2.14%. We also showed
that the shape can be recovered based on using the tip position
in the inverse kinematic model. Our future work will involve
verifying this model in 3D space and incorporating it into a
model-based feedback loop controller to enhance position control
accuracy.

Index Terms—Modeling, Control, and Learning for Soft
Robots; Tendon/Wire Mechanism; Continuous Curvature; Ex-
perimental Verification.

I. INTRODUCTION

OFT manipulators, composed of compliant materials and

deformable bodies, offer an intrinsically safer alternative
to rigid robots. Their extended range of flexibility coupled with
an adaptable shape makes them advantageous for human-robot
collaboration in complex environments and other emerging
fields [1].

Nevertheless, achieving precise control of a soft robot is
challenging due to its complex nonlinear material properties
and limited control input bandwidth (e.g., pneumatic valves).
To enhance control accuracy, it is essential to employ a
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Fig. 1: Overview of the soft growing manipulator including
the robot body, pressurized enclosure, steering system, and
Optitrack marker mount.

kinematic model that accurately represents the manipulator’s
position. Currently, the most prevalent kinematic model for
soft continuum robots is the constant curvature model [2]. With
a pneumatic-driven steering approach, the constant curvature-
based model is appropriate, since the force from pressure is
uniformly distributed on the surface, resulting in a consistent
curvature shape [3]. However, when considering the tendon-
driven approach, a moment is generated at the tip, making the
continuous curvature model more preferable [4] [5]. When an
external force (e.g., payload) is applied to the end effector,
causing significant bending of the soft body, both pneumatic
and tendon-driven steering approaches favor a continuous
curvature model [6]. In general, there are two modeling
approaches related to the continuous curvature model. One op-
tion is the piece-wise constant curvature model, which divides
the entire robot body into small pieces of constant curvature
arcs [7] [8]. In this model, the curvature value is treated as a
function of length, and this approach is commonly employed in
most multi-segmented soft robots [9] [10]. The other approach
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utilizes the general formulation of the continuous curvature
model, with the curvature rate being a constant with respect
to the order of the length [11] [12]. Another approach for
determining the kinematic model of a soft robot is through the
use of inflated beam theory. This model relies on an iterative
approach for solving tip position and curvature of the soft
robot body [13].

In this paper, we perform a system identification on our
customized single-segment soft growing manipulator’s gener-
alized continuous curvature model in a 2D plane. To assess
the model’s accuracy, we collected positional and angle data
at the manipulator’s tip rather than capturing the entire body
shape [14]. The tip data not only describes the tip position
and orientation in the workspace but also enables us to use
our continuous curvature model to construct the theoretical
robot shape. The structure of the paper is as follows: Section
I provides the driving motivation and necessary background.
Section II gives a brief overview of the robot and its behavior
during steering. Section III delivers a generalized kinematic
model and inverse kinematic (IK) approximation. Section IV
describes the model verification for both the kinematic and IK
model through experimental results along with a justification
for our proposed model. Lastly, Section V summarizes the
work presented in this paper and presents an outlook on future
work with the robot.

In general, the novelties of this paper include:

1) An experimental verification of the general continuous

curvature model using a custom soft growing robot.

2) An experiment showing that the model can predict tip
position and angle with minimal error, allowing for
simplified shape control in the future based only on
information at the tip.

II. ROBOT PLATFORM

Figure 1 shows the soft growing manipulator used for
model verification, constructed using principles similar to
other soft growing robots [15] [16] [17]. This robot exhibits
the capability to extend and retract through the eversion and
inversion of the fabric body. The principle of eversion has
been widely discussed in other works and will not be a focus
of this paper [18] [19]. The fabric body’s tail is attached to
a cable, which in turn links to a central motor. This robot
features a fabric body constructed from silicone-coated ripstop
nylon. The symmetric cross-angle of the fabric enables the
robot body to expand when pressurized and curve gracefully
instead of buckling when steered [20]. Steering with this robot
is achieved through tendon-driven control, facilitated by three
evenly spaced fabric pockets located 120° apart on the robot’s
body, each containing a 2.9 mm Kevlar rope. At the tip of the
robot, an internal crawler is employed both for clamping the
steering cables and for attaching various end-effectors using
roller magnets, as described in [19] [21]. For instance, passive
IR markers can be positioned on the manipulator’s tip to
collect positional data. When the steering cable is pulled by the
gear motor, the resulting force causes the side of the internal
crawler to move, leading to curvature in the robot’s soft body.
A simplified model of our robot is depicted in Fig. 2, which
uses a spring model to illustrate the concept.

Fig. 2: Manipulator modeled as an untensioned spring at 0°. As
the tip angle increases, the spring compresses and the length
of the robot shortens.

When the soft growing robot is pressurized, it behaves
similarly to a compression spring, with stiffness determined
by the input pressure. As the steering cable is pulled, the
spring begins to bend and shorten, resulting in a shape
that approximates continuous curvature instead of constant
curvature. It is important to note that if excessive pulling force
is applied, the spring may buckle, which is not considered in
our model.

III. CONTINUOUS CURVATURE KINEMATIC MODEL
A. Forward Kinematic Model

For our model, we derived a generalized continuous cur-
vature function. This function is used similarly to the angle
function defined in [11]:

c-L(6)"
n!

G(L(G),P(L(,,G)): (1)

Where,
0: The angle of the tip.
n: The order of curvature. The constant curvature model
is applicable when n = 1. System identification is used to
determine the optimal value of n to fit the soft growing
manipulator’s model.
c: The rate of change of curvature otherwise known as the
sharpness coefficient. A larger value of ¢ indicates more bend-
ing of the robot. System identification is applied to determine
the current sharpness during steering.
L,: The robot’s initial length.
L(6): The length of the robot. It is important to note that the
robot’s length decreases as steering occurs, making the length
of the robot dependent on the tip angle. System identification
is employed to establish the relationship between the robot’s
length and the tip angle. The relationship is expressed as
L(6) =L, —Ky(L,)- 0 where K,(L,) which is a coefficient
also determined through system identification. At a tip angle
of 0°, L(0) = L,.
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P(L,,0): The amount of cable length pulled during steering
by the motor. When considering the same tip angle 6, the
amount of pulling is determined by the initial length of the
robot, denoted as P(L,, 0). System identification characterizes
this relationship.

With the results from eq. (1), the resultant two-dimensional
Cartesian coordinates, (x,y), of the tip can be determined by
using the Fresnel integrals [22]:

x:/OL(G)cos(Q(l))dl, y:/OL(e)sin(G(l))dl 2)

When the base angle is at 0°, it corresponds to the point
(0,—L,), after a rotation of 90°. If the robot’s kinematic model
aligns with the provided model, it suggests the presence of a
unique tip angle, denoted as 6, and a distinct set of parameters
(c, Ly, and n) for all points in the 2D space, specifically, for all
values of x and y. Consequently, by knowing only the position
(x,y) and the angle 0 of the tip in relation to model parameter
n, it becomes possible to reconstruct the entire shape without
needing to capture the entire body through sensing verified in
section IV-C.

B. Inverse Kinematic (IK) Model

Regarding the IK problem, which involves determining the
robot’s shape based on a given tip position in Cartesian
coordinates, (x,y), the challenge lies in the fact that solving
eq. (2) inversely can be a difficult and cumbersome process
when n > 2. Instead, we opted to linearize the entire kinematic
model using Taylor series approximations and then integrating
to find the approximate position (x;,y;).

. o .L(e)m-nJrl
(n)y™-(m!)-(m-n+1)

3)

(x7,y1) is related to the P, above, and where

xpim=2i+1
yiim=2i

The variable i dictates the order of the Taylor series ex-
pansion, while m determines whether the expansion is of a
sine or cosine function, resulting in either position x; or y;.
Equation (3) can then be implemented into a genetic algorithm
that minimizes the error in the x and y coordinates.
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Fig. 3: (a) Robot at length of 0.8 m steering from 0° to 90°. Plots (b)-(m) show the kinematic model experimental verification
results: Plots (b)-(e) show the comparison between tip position during static steering with optimal results. A zoomed-in feature
highlights the area from O m to 0.15 m. The plots show that n = 1 has the best fit at the shortest length (0.5 m) and that n =2
fits the other lengths best. Plots (f)-(i) display the model’s linear decrease in length, L, with respect to tip angle, 8, as given
by the slope K, (L,). The plots (j)-(m) convey the correlation of curvature rate with respect to order n to the tip angle, which

is a linear relationship.
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The algorithm outputs the robot’s initial length L, and the
amount of steering cable pulled P(L,,0), allowing the robot
to reach the desired position [23].

IV. EXPERIMENTAL RESULTS

A. Experimental Setup

The experimental setup for data collection involves using an
Optitrack motion capture system to track the tip’s position and
orientation at a rate of 120 Hz, along with a Data Acquisition
toolbox from US Digital to record the position of the steering
motor. To simplify the overall experiment, only one steering
cable is actuated to achieve pure 2D planar bending, and
the input pressure is kept constant at 1.88 psi (13.0 kPa) to
eliminate any influence from pressure. The maximum robot
length was recorded at 1.23 m.

B. Model Verification

To ascertain whether the kinematic model (eq. (1), (2))
aligns with the robot’s curved shape, data for static tip po-
sitions in four different length groups of 0.5 m, 0.8 m, 1.0 m,
and 1.2 m along with tip angles ranging from 0° to 90° by
pulling on the steering cable was collected. These lengths were
chosen as they cover the majority of the robots workspace.

The results from this process are displayed in Fig. 3. Each
group consists of twenty sets of tip positions and angles. Sub-
sequently, the kinematic model’s parameters are determined,
and the error between the model-predicted tip position and the
experimental position is compared. The critical steps for the
search algorithm are detailed as follows:

1) The observation reveals that the robot’s length decreases
as the tip angle increases, therefore, the length of the
next node has a larger angle 0 but will possess a length
that is smaller than that of the current node in the
searching algorithm.

2) The tip angle 6 serves as the ground truth within the
search algorithm, where the error arises from the dispar-
ity between the simulated and experimental positions at
the same 6.

3) The power of n ranges from 1 to 5 in the searching
algorithm.

Figure 3 (b)-(m) displays the optimal results of the comparison
between the model predictions and experimental data, includ-
ing the visual representation of the tip position matching (x,y),
the robot’s length, L, decreasing as the tip angle, 0, increases,
and the curvature rate, ¢, as a function of the tip angle during
steering. Table I shows the quantitative results of the model fit
based on the error percentage of overall length. To determine
this percentage, the model prediction is calculated such that
the position shares the same angle as the experimental data.
From this, the squared Euclidean distance for a given tip angle
is computed. All data points are averaged, followed by taking
the square root and dividing the result by the initial length to
obtain a normalized percentage. With these errors kept within
a suitable range, there is an expectation that a future controller
would be capable of handling any remaining compensation.

TABLE I: Error percentage of overall robot lengths based on
n=1,2,3 in the kinematic model experimental verification.
The bolded error is the minimum percent error with respect
to each length.

L, n=1 n=2 n=3
0.526 m 2.88% 10.2% 16.5%
0.792 m 8.85% 5.00 % 11.7%
0.987 m 12.7% 1.42% 7.89%

1.23 m 16.5% 3.42% 3.50%
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Fig. 4: Cable length pulled by gear motor based on varying
initial lengths L, in the kinematic model experimental verifi-
cation.

1) The experimental data confirms that as the tip angle
increases, the robot’s length decreases, and this rela-
tionship appears to be linear and influenced by the
initial length. In the model, K»(L,) represents the linear
relationship between L(6) and 6 when n = 2. We believe
that this factor can be influenced by the amount of
internal pressure. An increased pressure level results in
a stiffer robot body, potentially causing less shorten-
ing during steering. This will be confirmed in future
research.

2) It is observed that longer robot bodies require a greater
amount of pulled cable length to achieve the same
tip angle, as shown in Fig. 4. The amount of cable
length pulled P(L,,0) can be calculated by eq. (4). The
quadratic represents the rate of change between cable
length and 6.

P(L,,0) = (—1.079- L2 +0.640-L,+5.576)-6 (4)

This factor may also be influenced by the input pressure
level, which will be confirmed in future research.

3) At the shortest length (0.52 m), the best fitting result is
achieved with n = 1, which corresponds to a constant
curvature model because the tip moment generated by
the steering cable does not create a significant uneven
force distribution due to its short length. For a robot
length of 0.79 m, the smallest error is 5.00% corre-
sponding to n = 2 while n = 1 had a percent error
of 8.85% as indicated by Table I. These higher-than-
normal, yet comparable errors can be attributed to the
region where the model transitions from favoring an
order of n =1 to n = 2. A second-order continuous
curvature model (n = 2) provides a better fit for the
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three longer lengths. Furthermore, a larger tip bending
angle results in a greater steady-state error, as the model
predicted tip position tends to underestimate the actual
tip position at relatively shorter lengths. However, when
steering at extended lengths, the experimental tip posi-
tion transitions from being below the model prediction
to surpassing it as seen in Fig. 3(b)-(e). This discrepancy
can be attributed to the untwisting motion of the robot
that occurs after pressurization due to fabrication bias
(uneven gluing of the robot body). The fabric behavior
is similar to a McKibben muscle [24]. Thus, ideally, the
fabric material should be orientated at a 45° angle with
respect to the longitudinal axis. However, misalignment
results in an unfavorable twisting motion as seen in
Fig. 6(a). This bias shortens the length, which is not
accounted for in the model. Generally, n = 2 of the
model can best represent the robot’s static steering
behavior.

C. Inverse Kinematic Model Verification

After determining all the parameter values of the model, the
verification of the IK model is conducted as follows: We select
three random points (x,,y,), and input them into the IK Model
(n=2) discussed in Section III-B. This allows us to obtain the
model’s output, which includes the initial length L, and P,,
which would be the desired motor angle for the central motor
controller and steering motor controller. Subsequently, both the
manipulator and the amount of pulling cables are adjusted to
match the desired lengths, followed by a comparison between
the actual tip position and angles, represented by x, y, and 6,
and the target positions, which are x,, y,, and 6,. In general,
this is an open loop control system without feedback (tip’s
position), so our goal is to verify the IK model accuracy, which
could be used as a feedforward term in the future feedback
loop controller design to achieve faster response with less
overshoot [15]. Please note that as the model indicates the
existence of only one tip angle for any given position, there
is no need to specify the tip’s angle, 6,, separately as it can
be determined by the model. The genetic searching algorithm
is as follows:

Genetic Algorithm: A searching algorithm for determining
the initial length and tip angle from tip position (x,,y,)

Input: (x,,y,)
Objective Function: Minimizing L,, 0
Dependent Variables: c, K
Initial Values: L;,0;
Constraints:

VR <L <2V/x2 432

0°<06< 90°

Nonlinear Constraints (from Eq. 3):

L,—K-0>0
|x; — xp,y1 — yr| = [0,0]

As aforementioned in Section III-B, finding the inverse
of the Fresnel integrals is a challenging task. To circum-
vent this problem, a genetic algorithm was programmed in
MATLAB using the global optimization toolbox. The input
for the algorithm is the desired position in 2D planar space.
Next, an objective function was created with the goal of
minimizing the initial length and tip angle. The rate of change
of curvature is computed based on eq. (1), while the slope,
K(L,), is determined based on a polynomial fit using system
identification. An initial estimate for the robot’s length L;,
and angle, 0;, serves as the starting point for the algorithm. To
reduce computation time, the initial robot length is constrained
within a range from the Euclidean distance between the robot
base and desired point in space to twice that distance, while the
angle is bounded between 0° and 90°. The first listed nonlinear
constraint equation guarantees that the robot’s length remains
a positive value, in addition to defining the length denoted
as L(0). To facilitate error minimization, a linearization of
the kinematic model, as represented in eq. (3) is employed
to reduce the disparity between the linearized coordinates
and the target position to 0. In the linearization, the Taylor
series expansion was approximated to the fifth order (i =4).
The algorithm completes its execution when a suitable initial
length, L,, and tip angle, 6,, are found, and the amount of
pulled cable length for steering, P., is then determined from
eq. (4).

In Fig. 5, we present the results of our experimental
verification of the IK model from three randomly selected
points. The output from the IK model for these points was
the robot’s initial length and angle the steering motors need
to rotate P, both of which are depicted in the figure. The
position error, otherwise known as the Euclidean distance
error of Fig. 5(a), was 3.212 cm. This particular point had
the shortest robot length and only steered to approximately a
45° angle. In contrast, Fig. 5(b) illustrates a larger steady-
state error, with a position error of 8.596 cm. This result
aligns with the experimental verification data shown in Fig. 3,
indicating that at larger tip angles there is a greater offset
between the model-predicted position and the actual position.
The last random point displayed in Fig. 5(c) had a position
error of 3.547 cm and exhibited the longest robot length
and the longest amount of settling time. This experimental
verification provides compelling evidence that this model is a
good fit for the robot. Please note: This paper primarily focuses
on the static response, and it is worth noting that all motor
controllers may not be optimized for performance due to the
additional damping introduced by the soft manipulator body.
Consequently, the dynamic response may exhibit less over-
shoot with the implementation of more advanced controllers.
Our primary objective is to ensure that each motor reaches
and stabilizes at the desired position as predicted by the IK
model, and subsequently records the robot’s static pose.

The shape of the robot can be estimated based on the
current tip position, illustrated in Fig. 6(b)-(d). The robot’s
initial length was randomly selected and steered through three
random points along its trajectory. These points were input
into the genetic algorithm. The resultant output comprised
of the tip angle and initial length are then directly used to
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Fig. 5: Inverse kinematic (IK) model experimental verification results: (a), (b), and (c) display the dynamic responses for the
robot tip’s X position, Y position, and angle from the IK model’s output P(L,,0) when provided with three different random
points denoted as (x,,y,). Each plot also showcases the steady-state error and error percentage of overall length, serving as an
illustration of the effectiveness of the IK model in the absence of a feedback controller.
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Fig. 6: Shape estimation of robot with an initial length L, of
0.857 m. (a) Robot front view at a tip angle of 65.31°, dashed
red lines depict twisting motion during steering. Images (b)-
(d) illustrate the approximate shape at three different tip angles
based on the kinematic model.

calculate the sharpness coefficient, c. Knowing the sharpness
coefficient allows for a straightforward recovery of the robot’s
shape. This is achieved by incrementally varying the tip angle
6 from 0° to the output tip angle from the genetic algorithm,

which then determines the length at each angle using eq. (1).
When comparing the IK model to the actual tip position, it was
found that the maximum positional error for all three points
was within the range of <1 mm. However, the difference in
tip angles was notably larger, with errors of 2.18°, 4.90°, and
9.09° respectively. At lower tip angles, the disparity between
the actual and estimated tip angles is smaller, so the theoretical
robot shape based on the model matches closer to the center
line of the robot. As the tip angle increases, the shape of
the robot becomes less accurate. The generalized continuous
curvature model offers a simplified approach for estimating
the robot shape as shown in Fig. 6(b)-(d). This qualitative
observation presents evidence that the model can provide a
useful approximation of the robot’s shape in an obstacle-free
workspace.

D. Justification of Model

While other models such as piece-wise constant curvature
would be appropriate for modeling the single-segment robot
presented in this work, the model provided aims to be a
generalized approach to any continuous curvature robot. The
parameters in our model include two constants: the initial
length L, of the robot and the order of curvature rate n.
The bending amount can be represented by various curvature
rates c. Meanwhile, the piece-wise constant curvature approach
requires determining the appropriate segment resolution and
the curvature value for each segment, making it more complex
than our model.

The polynomial curvature model that was presented in
[11] uses a series of monomials that form a polynomial to
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describe the robot shape. Rather than utilizing the outlined
curvature function, our model is designed with the minimal
number of parameters required for a generalized representa-
tion. Therefore, we found that a single monomial represented
by our continuous curvature model is sufficient for accurately
describing the robot’s tip position and constructing the robot
shape. In addition, the polynomial model was exclusively
applied in a simulated environment, whereas we validated our
model on an actual robotic platform.

V. CONCLUSION AND FUTURE WORK

In this paper, we demonstrate the experimental verification
of a general continuous kinematic model based on our custom
soft growing manipulator using static data. The verification
indicates that when n = 2, where the power of the curvature
rate is related to the robot body’s length, it represents the
optimal kinematic model for our manipulator. This finding
validates the hypothesis that the robot’s length decreases as it
steers increasingly and further underscores that tip information
is sufficient to reconstruct the entire robot’s shape without
the need to capture data from the entire body. Additionally,
we implement the inverse kinematic model and validate its
accuracy through experiments.

Future work involves expanding this model into 3D-space,
incorporating the input pressure as a factor, and implementing
a feedback loop control system, which entails integrating the
model’s output as a feedforward term. A significant challenge
in controller design will be addressing the reduction of steady-
state errors between the desired position and the model output.
This challenge arises due to the independence of the length
and steering controllers, and it will require finding an effective
way to coordinate and integrate these two controllers. In
addition, as mentioned in section IV-C, the future controller
design not only strives to guide the robot to reach the desired
position but also aims to reduce the oscillation caused by
the low inertia of the soft robot body. With a robust model
and implementation of a controller, we seek to perform pick-
and-place tasks to prepare the low-cost, safe, easily fabricated
robot for use in agriculture, medical assistance, and search and
rescue applications.
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